We started with a classic research question (How do teachers motivate and engage middle year students in mathematics?) that is solidly underpinned and guided by an integration of two theoretical and multidimensional models. In particular, the current study illustrates how theory is important for guiding qualitative analytical approaches to motivation and engagement in mathematics. With little research on how teachers of mathematics are able to maintain high levels of student motivation and engagement, we focused on developing a qualitative framework that highlights the influence of teacher-student interactions. Participants were six teachers (upper primary and secondary) that taught students with higher than average levels of motivation and engagement in mathematics. Data sources included one video-recorded lesson and associated transcripts from pre-and post-lesson interviews with each teacher. Overall, effective classroom organisation stood out as a priority when promoting motivation and engagement in mathematics.
Motivation and Engagement in Mathematics: A Qualitative Framework for

Teacher-Student Interactions
Theoretically driven empirical research on mathematics education is critical since mathematics provides key skills and knowledge for achieving success at school, work, and in everyday life. Research focused on motivation and engagement in mathematics is particularly important since low student engagement is considered a determining factor in the universal trend of declining mathematical performance during a critical period in students' lives -the transition into secondary school (MCEETYA 2008) . Mounting evidence (e.g., Martin and Marsh 2006) points to relationships between low levels of student engagement and academic underachievement, lower participation and retention rates at school, and lower global selfesteem. To help researchers investigate these relationships, we elaborate on the theoretical foundation that has grounded related investigations of student motivation, engagement, and mathematics achievement in Australia .
Specifically, we focus on teacher-student interactions at a time when students are transitioning from upper primary (ages 10-11) to the first two years (ages 12-13) of secondary school.
Many studies of achievement motivation and engagement have focused on the student experience, often from an atheoretical or single theoretical perspective. Although researchers such as Pintrich, Smith, Garcia, and McKeachie (1991) have contributed significant works in this field from a multi-dimensional theoretical position, traditional approaches to the study of motivation and engagement in mathematics tend to be focused on one theoretical framework or are unidimensional in their operationalisation. Thus, we sought to explore how a diverse and encompassing approach that draws on salient factors from numerous theoretical traditions can be helpful in effectively answering our research question: How do teachers motivate and engage middle year students in mathematics? Although motivation and engagement often overlap in the literature, we distinguish between the two and agree with Gettinger and Walter's (2012) use of motivation as a student's intention or willingness to act, and engagement as the student's actual involvement. Though distinguishable, the inter-related indicators of motivation and engagement can contribute to our understanding of a student's classroom experience with mathematics. This inter-relationship can be defined as agentic engagement-a student's positive motivational involvement or agency in teacher-student interactions (Cheon and Reeve 2015; Reeve and Tseng 2011) . Therefore, we chose to approach the study of student-level motivation and engagement with The Motivation and Engagement Wheel (Martin 2007 ) and integrate this model with a teacher-level model (The Classroom Assessment Scoring System; Pianta and Hamre 2009).
A Multidimensional Foundation for Student Motivation and Engagement in Mathematics
With our aim of building a qualitative framework for analysing how teachers motivate and engage middle year students in mathematics, we considered Martin's (2007) Motivation and Engagement Wheel (hereafter referred to as the Wheel). The Wheel has operationalised an interrelated combination of constructs from six key theories of achievement motivation (for an integrative discussion, see Martin and Dowson 2009) : attribution theory (Weiner 1985) , expectancy-value theory (Wigfield and Eccles 2002) , goal theory (Elliot and McGregor 2001) , self-determination theory (SDT; Ryan and Deci 2000) , self-efficacy theory (Bandura 1997), and self-worth motivation theory (Covington 1992) . As displayed through Figure 1 , the Wheel is grounded in multiple theories of achievement motivation and includes both positive and negative factors. Describing each underpinning theory of the Wheel is beyond the scope of this article, but SDT serves as a particularly relevant theory for teacher-student interactions. Namely, SDT identifies relatedness as an intrinsic motivator that can be satisfied within a supportive learning environment. This is of interest in the current study since teachers offering one-on-one support is considered an important contribution to a positive classroom climate (Klassen, Perry, and Frenzel 2012) .
[ behavioural engagement pertains to physical participation, cognitive engagement involves the thought-driven or willingness to put forth effort, and emotional engagement is defined by the learner's activation of positive and negative feelings and affect in class. In the Wheel, behavioural engagement is defined through positive (planning, task management, and persistence) and negative factors (disengagement and self-handicapping behaviours). Cognitive motivational factors are identified in the Wheel as positively influencing engagement (selfefficacy, mastery orientation, and valuing) or negatively influencing engagement (uncertain control, failure or performance avoidance, and anxiety). Overall, the factors of the Wheel represent a diverse theory-driven framework for research aimed at explaining motivation and engagement.
Since emotional engagement is not as prominently represented through the Wheel, attention to a range of emotions can help accentuate the mirroring of some of the Wheel factors.
For example, Salmela-Aro, Kiuru, Pietikäinen, and Jokela (2008) identified emotional disengagement (negative engagement) when a student is cynical about the value (positive motivation) of school and coursework. Thus we chose to supplement the Wheel with an emotionfocused framework (Circumplex Structure of Core Affect; Yik, Russell, and Steiger 2011) . With more than half of 15 year olds reportedly experiencing frequent instances of anxiety in mathematics (OECD 2010), it is not uncommon to find a focus on negative emotions in the research (e.g., Goetz, Bieg, Ludtke, Pekrun, and Hall 2013) . However, since positive emotions as predictors of motivation in mathematics have also garnered interest by researchers (e.g., Hanin
and Nieuwenhoven 2016), we considered additional emotions beyond those identified in the Wheel (anxiety, value).
Teacher-Level Supports for Student Motivation and Engagement in Mathematics
We identified a second theoretically based model as an important complement to the Wheel for our investigation. To help capture the teacher-level supports that influence student motivation and engagement, we included The Classroom Assessment Scoring System™ (CLASS™; Pianta and Hamre 2009) -a model grounded in developmental theory (e.g., bioecological theory; Bronfenbrenner 1986). The CLASS™ was particularly appropriate for our investigation since previous research found teacher-student interactions as most influential on the effectiveness of intervention studies in mathematics (e.g., Confrey 2006; Slavin, Lake, and Groff 2009) . While the Wheel identifies factors of student motivation and engagement, the CLASS™ provides a way to assess observable and related teacher-level supports in the classroom.
According to Pianta, Hamre, and Mintz (2012) , teacher-student interactions across all grade levels are the "primary mechanism of student development and learning" (p. 1) and can be broadly measured by three domains: emotional support, classroom organisation, and instructional support. When developing our qualitative framework, we incorporated the CLASS™ domains since Pianta and colleagues deem them developmentally appropriate for examining mathematical learning in the middle years. Martin and Dowson (2009) refer to as connective instruction. That is, the "who, what, and how of everything that is happening at the classroom level, with particular attention to the teachers' instructional interactions and behaviours" (Pianta, et al. 2012, p. 7) . This differs from a teacher's connectivist orientation that is described by Askew and colleagues (Askew, Denvir, Rhodes, and Brown 2000; Askew, Rhodes, Brown, Wiliam, and Johnson 1997) as explicit connections made among mathematical concepts within a community of learners. While Askew et al. (2000) consider a mathematics teacher with an orientation towards making connections among numeracy concepts as most effective (i.e., in terms of learning outcomes measured through a test of numeracy), connective instruction places the focus on explicit motivation and engagement strategies dependent on teacher-student relationships.
The Current Study
The current study is situated within a large mixed-methods project (see description by Bobis, Way, Anderson, and Martin 2016) designed to research the decline in mathematics engagement and achievement during the middle years of schooling. The larger project used cross-sectional and longitudinal research designs with quantitative and qualitative methods in order to discover broad pedagogical characteristics of mathematics teachers and inform an intervention program. With an initial sample of 4383 students in 47 schools (257 classrooms), results revealed the majority of variance in engagement shifts in mathematics occurred at the student level, with little at the class or school level .
Therefore, we sought to draw attention to individualised teacher-student interactions in promoting student motivation and engagement.
Phase One of the larger project centred on Martin's Wheel (2007) with students in 37 schools completing the associated quantitative scale (Martin 2008) . After results confirmed an overall decline in motivation and engagement in mathematics across the middle years (Martin, Anderson, Bobis, Way, and Vellar 2012) , we identified cohorts and individual students of both high and low motivational and engagement levels. Phase Two included interviewing students who had experienced significant upward or downward shifts in their motivation and engagement over a 12-month period (Skilling, Bobis, and Martin 2015) and the beliefs and practices of the teachers of the same students . During Phase Three we examined teachers and classrooms exhibiting higher than average levels of student motivation and engagement and concluded with an intervention during Phase Four . The current study is situated within Phase Three. 
Overall
Student Engagement Active Engagement Volunteering a Negative Climate scores are reverse coded since it is scaled in the opposite direction of the other dimensions (higher negativity indicates lower quality of teacher-student interactions).
Methods
Participants and Data Sources
Six cases were purposefully selected and defined by the six participating teachers (two upper primary and four secondary) who had classes of students with higher than average 1 motivation and engagement in mathematics. All participants (two males, four females) were either trained as secondary mathematics teachers or primary generalists with mathematics as a preferred teaching subject. One primary teacher had more than 21 years of teaching experience (seven as a teacher in the upper primary level of mathematics). The second primary teacher had been teaching for less than ten years, and had spent approximately half of her experience as a teacher in the upper primary level of mathematics. The four secondary teachers also had a range of experience: two with less than six years of experience and two with more than 16 years teaching experience. Since the six cases had already been identified through the larger project as similar, our focus was on whether these six cases, when analysed together, could contribute process-related findings.
The goal of extending the findings of one exploratory case study (Way, Reece, Bobis, Anderson, and Martin 2015) and a study that included case analyses of the four secondary classrooms (Skilling 2013 ) influenced our selection of data sources. Since Way and colleagues (2015) found high incidences of teacher-student interactions in one case study, we sought to explore the five additional cases to see if they predicted the same results (i.e., literal replication;
Yin 2003). According to Yin (2003) , an important step is the multiple-case process is the "development of a rich theoretical framework" (p. 47) and in the case of literal replication, the framework needs to state the likely conditions. As our investigation focused on teachers with the same levels of motivation and engagement among students in mathematics, we were able to develop a framework specific to those conditions. An intended outcome, then, was to produce a framework that can be used as a "vehicle for generalizing to new cases" (p. 49). Thus, we started with three sources of data associated with each participating teacher: transcripts from semi- 
Analytical Strategy
Our analyses of multiple data sources were guided by two key frameworks (the Wheel and CLASS™). Our strategy involved four steps with the goal of developing an integrated framework for future qualitative investigations. During
Step 1 we applied the Wheel when coding pre-and post-lesson interview transcripts within NVivo 10 (QSR International 2014).
Since we found that the Wheel primarily represented behavioural and cognitive components, we supplemented our coding with the Circumplex Structure of Core Affect (Yik, et al. 2011 ) to help identify additional emotional components of motivation and engagement. The circumplex was an appropriate addition to our coding structure since, like the Wheel, it was developed through an integration of multidimensional models. Organised according to valence (unpleasant to pleasant) and activation (low to high arousal), Yik and colleagues detail twelve key factors within their "parsimonious representation of the correlational structure of mood and emotion." (p. 707). As a result, our code structure included pleasant and high arousal emotions (e.g., happy, excited), pleasant and low arousal emotions (e.g., pleased, calm) as well as unpleasant and high arousal emotions (e.g., mad, afraid), and unpleasant and low arousal emotions (e.g., bored, defeated).
Overall, this approach allowed for a focus on the teachers' descriptions of students' motivational processes that were considered internal and therefore typically unobservable.
Whereas the Wheel helped frame teachers' descriptions, the CLASS™ helped focus on observable teacher-student interactions (
Step 2). As displayed earlier through Table 1 , the CLASS™ measures emotional support, classroom organisation, and instructional support along with a student engagement indicator that serves as a global measure of student functioning (Pianta, et al. 2012) . A trained and certified CLASS™ observer selected video-recorded observations based on Pianta et al.'s (2012) criteria and procedures (e.g., 15 to 20-minute video selection per teacher). Following each video observation, the observer used the validated behaviourally-anchored set of rating scales in the CLASS™ observer manual (Pianta, et al. 2012) for coding teacher-student interactions during one mathematics lesson. Although the manual was specific for observations in secondary classrooms, the developers (Pianta et al. 2012) found the scales appropriate for upper primary years as well.
For
Step 3, we compared the CLASS™ ratings of each teacher with the coded transcripts that detailed each teacher's pre-and post-lesson process. Here we integrated our results by categorising coded transcript examples using the CLASS™ domains. We also compared our integrated results with the survey results on the teachers' beliefs and practices (e.g., student
confidence, teacher's role; Ross et al. 2003) . For triangulation (Yin 2003) , the survey data helped provide a more holistic view of each teacher but did not contribute any further information to our qualitative framework for teacher-student interactions. Lastly, Step 4 involved displaying a representation of the integrated results through a proposed framework.
Both the Wheel and CLASS™ were deemed reliable for the purposes of the current study.
As part of the inter-rater reliability process, we used group discussion to evaluate the initial coding that was based on the Wheel. Once we had established a refined code structure, two team members independently coded 10% of the transcript data with results that were later used to compare with the lead coder's results. Using Miles and Huberman's (1994) inter-rater reliability formula (of comparing agreements to disagreements), we achieved 83% agreement. Lastly, the first author engaged in theoretical discussions with the author of the Wheel (Martin 2007) , which helped further confirm our coding of the transcripts. Reliability of the CLASS™ for scoring video-recorded lessons was established through the observer's certification requirement, which involves the maintenance of high reliability results through annual testing.
Results and Theoretical Interpretations
Given the theoretical focus of this paper, we present both results and corresponding interpretations within this section. First we present examples from the interview transcripts organised broadly by the Wheel. Next we present a summary of results from the video-recorded lessons that were analysed using the CLASS™ rating scale. Lastly, we present a proposed integrative framework that emerged and can be applied during future qualitative analyses.
Student Motivation in Mathematics
When coding the interview transcripts for what the teacher says about maintaining or promoting student motivation in mathematics, we referenced the Wheel's positive factors of motivation.
We also coded what the teacher says about addressing or reducing negative/low student motivation in mathematics by referencing the negative motivation factors. Results highlight the teacher-student relationship and how motivation can be particularly influenced through one-on-one interactions. For example, one participant shared: "I think if you get on with your students and they want you around and they enjoy that one-on-one help then it is going to help them a lot…there is no one strategy that you use." In fact, one teacher recognised how a focus on instructional strategies can negatively impact mathematical learning: "When I first started I had a whole lot of hands on activities…then I was just behind [and] they really only understood half of the course content that they were meant to know." Rather than identifying specific instructional strategies, the participating teachers often reported on the influence that You have to make it fun for yourself. If it is boring I don't want to be there either…I guess you have to look at it as not just standing in front of the room and trying to transfer what you know to them…they need to be engaged, you need to be engaged -you want to be.
We also found positive emotions tied to self-efficacy or mathematical confidence (positive motivation). For example, while discussing how students' felt when concepts were introduced in relation to future mathematics expectations, a participating teacher observed little fear:
…they [were] pretty positive so I definitely think it is a confidence thing…making sure they fully get it [now]…I have got quite an inquisitive bunch of students so they are always pretty keen to know more and so it is good.
We also identified participants' examples of student confidence as integral to persistence (positive engagement):
…the kids that have a bit more confidence in themselves and a bit more of a belief that they can do the work, even if they struggle a bit more with it, [they are] a bit more engaged because they want to do well and they want to keep improving… Similarly, confidence was associated with a student's willingness to try different strategies when attempting to solve a mathematics problem: "…[I help] build their confidence…if they can believe they can do it…that gives them the courage to risk again and try something different."
One teacher, however, described lack of confidence as negative motivation (e.g., failure or performance avoidance), stemming from an unattainable task or goal:
Since we started [using] the same common assessment across the board, the ones that are doing the intermediate [and] moreso the standard [curriculum] have just lost interest, they're disheartened by the fact that they can't achieve and it's very very difficult to get them motivated …there are support systems for them, there is extra work given to them, there's a lot of explanation…but some of them just feel defeated.
While descriptions of negative motivation did emerge, our application of the Wheel allowed us to move beyond coding the emotion-related negative motivation factor (anxiety) and, instead, revealed how teachers' reported attempts at reducing the negative often focused on eliciting alternate and positive emotional responses (e.g., interest or enjoyment). Overall, a student's motivation in mathematics-that willingness to try different solutions and persistappeared to be promoted through a safe and predictable classroom climate. Participating teachers often highlighted the importance of comfort through comments such as: "I think it is enough of a non-threatening area and environment that they can [try] without fear…they are comfortable with what they can do and they can get on with it and they can see improvement." A teacher's awareness of how the environment they set up can help reduce mathematics performance anxiety also came through comments such as:
I think I have a pretty relaxed approach…it is not very intense, it is all very nice and relaxed and calm and sometimes that carries over [to] creating sort of a nice gentle calm environment. It's not frantic, it's not over the top and there is no pressure on them to perform…they don't feel threatened…they don't throw any barriers up.
One teacher reported on the influence of organisation when recounting how "a couple of girls
[said] 'I was really frightened' (they did not want to do fractions). But now with the way it's organised, they are really enjoying Maths." Overall, participating teachers were more likely to discuss the importance of classroom organisation for student motivation than any other type of strategy.
Student Engagement in Mathematics
Engagement within the context of teacher-student interactions can provide evidence of connective instruction. When applying the Wheel, we found evidence specific to agentic engagement through what the teacher recognises as encouraging students' agency in mathematical learning. While self-efficacy or mathematical agency is a factor of positive motivation in the cognitive sense, agentic engagement in the mathematics classroom was engagement were either observable (e.g., "…they have got those quizzical looks…so if they are not falling asleep I think that is good") or explicit (e.g., "…[the students] saying they are enjoying it. It's non-threatening…I think it's just the fact that they never get in trouble for asking questions, no-one's going [to get] mad at them."
As with student motivation, participating teachers emphasised the influence of classroom organisation on student engagement. They highlighted predictability, structure (e.g., "they really enjoy the structure"), and simplicity (e.g., "I try not to overcomplicate things…if you start throwing in too much then they can just get confused and it is better to narrow it down…keep it free"). Structure in terms of clear expectations was considered influential (e.g., "you set up these structures in the first three or four weeks so [they] are very clear what you want and how the lessons will run [and] it becomes internalised") as was the use of time (e.g., "the pace of the lesson is important especially with a divided group…if you prolong things by giving them too much time then you are inviting some sort of problem with attention and they will go off and do something else"). For example, when students work in pairs, a participating teacher found tight time limits (e.g., 30 seconds) useful because "it really focuses them on the task." Teachers were also likely to engage students through self-assessment opportunities such as a reflective journal, I think engagement is when the kids really connect with it.
You can see it in their eyes, you can see it when they have a sense of achievement, accomplishment, surprise, all those feelings that come through…they don't want to stop because it is something they feel now they can handle or they are enjoying.
Here, the teacher reported on students' expressing confidence and willingness to continue through eye contact. Similarly, our participating teachers identified how important it is to respond to students who used eye contact to signal help-seeking through examples such as: "I check in with her to try to keep her engaged in class…I have to be very careful to make sure [I respond] when she gives me that lost look," "Some of them will just be staring at me looking confused," and "You can tell by the look on their face…If you don't ask them, you don't know."
While our coding results primarily pointed to evidence of positive engagement through behavioural and emotional components, student's cognitive engagement strategies such as planning and task management were difficult to identify through the transcripts in the context of teacher-student interactions. The cognitive component of engagement as being less obvious than behavioural or emotional engagement may be tied to a teachers' focus on a student's more immediate motivational needs (Skilling and Stylianides 2015) . Here we found that when cognitive engagement strategies such as planning or task management were reported, examples were more often at the teacher-level (e.g., modelling behaviours). Persistence as an indicator of cognitive engagement, however, was more likely to be described as relating to the student's actions or behaviours: "They're always interested, they're always willing to try. It doesn't matter if it's a steep mountain, [they'll] give it a go…if I gave them something [they] would apply themselves to it."
Given that we purposefully selected teacher data associated with higher than average levels of student engagement in mathematics, we expected little evidence of negative engagement. What we did find was evidence of what the teacher says to address or reduce negative or low engagement in mathematics. Providing real life connections and explaining the value (positive motivation) were often strategies reportedly used by participating teachers. For example, one teacher explained, "I try and combat [disengagement by saying] well if you're going into a trade, you're going to [need to] know this…" while others identified value for upper primary students by referencing content that will be useful when in secondary mathematics.
Here, the focus was on helping students get comfortable with a skill or procedure (i.e., mastery orientation) that will be important to know later. Overall, the interview transcripts revealed more evidence on the unobservable components of the Wheel (positive and negative motivation), than for engagement through teacher-student interactions.
Teacher-Level Supports for Students in Mathematics
Results from analysing video-recorded lessons with the CLASS™ rating scales provided observable evidence of teacher-student interactions in mathematics. Table 2 presents the CLASS™ scores for each of the six cases as calculated for each domain and for overall student engagement. As displayed, classroom organisation was the strongest domain of influence on students for 5 out of the 6 teachers (one teacher appeared slightly more influential through emotional support). Also evident through Table 2 is the high CLASS™ scores for overall student engagement across the six teachers, thus providing support for the high levels of engagement found in the related Motivation and Engagement Scale quantitative results . Emotional support includes a positive climate dimension where the focus is on assessing relationships, positive affect, positive communications, and respect. Classroom organisation, on the other hand, includes a dimension of negative climate (negative affect, punitive control, and disrespect) used to assess an overall level of negativity between mathematics teacher and students. Since participating teachers tended to score higher on the CLASS™ for emotional support and classroom organisation, high levels of student motivation and engagement in mathematics were primarily associated with a positive teacher-student relationship experienced within a supportive environment.
An Integrated Framework for Teacher-Student Interactions in Mathematics
Our results from theoretically driven analyses that were guided by the Wheel and CLASS™ helped confirm the reportedly high motivation and engagement levels among students of participating teachers. Therefore, we proceeded to integrate the Wheel and CLASS™ by categorising coded interview transcript examples using CLASS™ domains. The final step of our analysis process produced Figure 2 as an illustration of an integrated framework for qualitative analyses, operationalised through the Wheel and CLASS™. Overall, we found that participating teachers were more likely to report strategies for increasing positive motivation and engagement that could be categorised as classroom organisation. For example, teachers highlighted the importance of effective behaviour management (e.g., clear expectations; proactive), managing class productivity (e.g., structured lessons), and awareness as to how a negative climate can impact students' learning.
By integrating findings guided by the Wheel with results from the CLASS™, we also concluded that teachers in our study primarily helped increase students' positive motivation or reduce negative motivation through interactions that were high in emotional and instructional support. Moreover, increasing positive engagement or reducing negative engagement often involved teacher practices specific to instructional support and effective classroom organisation.
In summary, this process revealed four key indicators of effective teacher-student interactions: student confidence in mathematics, positive climate, contact (i.e., relatedness) and connections (e.g., value). Figure 3 displays a summary of our results as an example of how to apply our qualitative framework.
[ This figure presents a visual summary of our study that resulted from integrating our Wheelbased findings and our CLASS-based findings.
Discussion
How do teachers motivate and engage middle year students in mathematics?
In the current study, we sought to answer this question by demonstrating how theory is critical to effectively understanding motivation and engagement in mathematics. The answer to our research question specifically has theoretical implications for extending our understanding of teacher-student interactions. The current study provided evidence that a qualitative application of the Wheel can complement the original quantitative application when examining motivation and engagement in mathematics classrooms. Together with the CLASS™, we were able to develop a framework that is centred with the Wheel and represents an integrative theoretically based approach to qualitatively describing teacher-level supports that influence students' motivation and engagement in mathematics.
Limitations
This study focused on expanding our theoretical understanding of students' motivation and engagement in mathematics during the middle years of schooling. Given that teachers in our study were selected based on high levels of student reported motivation and engagement, it is perhaps not surprising that we found more frequent practices aimed at promoting positive motivation and engagement. Applying this framework to other cases (e.g., mathematics teachers with students exhibiting low levels of motivation and engagement) may provide contrary evidence. Through our multiple-case study, we were able to focus on teacher-student interactions using the Wheel and CLASS™ observational rating scales. Although we did not focus on specific characteristics of individual students in relation to their mathematics teachers, future research could apply our framework when examining how teachers can potentially overcome broader influences of a student's developmental change or parental support .
Theoretical Implications and Future Research
Given that the theoretical grounding of the Wheel included self-determination theory (Ryan and Deci 2000; Deci and Ryan 2015) , we were able to highlight and find support for the importance of relatedness in the teaching of mathematics. While the psychological needs of competence and autonomy are often a focus in education, relatedness -that psychological need for feeling connected within supportive relationships -is beginning to receive more attention in studies framed by self-determination theory (e.g., Durksen, Chu, Ahmad, Radil, and Daniels 2016) . In the context of mathematics, relatedness may be satisfied through teacher-student interactions in the classroom, particularly when a teacher responds (e.g., reinforcing, scaffolding, adapting instruction) to a student' agentic actions (e.g., help-seeking) during those critical transitional years. By extension, we would also expect a mathematics teacher's professional agency-the relational capacity to motivate learning in a reciprocal way (Pietarinen, Pyhältö, and Soini 2016)-to coincide with this type of agentic engagement. Future research is needed in order to elaborate further on the implications of agentic engagement in relation to the established models incorporated into our framework.
Together with the CLASS™, we were able to focus specifically on teacher-student interactions as a way of understanding student motivation and engagement in mathematics. Since it is the "quality of interaction between a student and a teacher that conjoins affective and cognitive realms in the process of aiming for mathematical learning," we call for future research involving qualitative analyses that reveal the quality of teacher-student interactions (Hackenberg 2010, p. 237) . One option would be to apply our framework when comparing student engagement in mathematics with engagement in a different subject (e.g., English). For example, based on the range of observational experience held by the certified CLASS™ observer of the current study, we would posit that instructional support strategies eliciting high levels of content understanding (e.g., opportunities for independent practice of procedures and skills) may be more frequently observed as an important component of motivation and engagement in mathematics classrooms when compared with other subjects.
While the larger project included an intervention phase , future studies would benefit from a longitudinal examination of both student and teacher motivation and engagement in order to inform intervention development. A recent meta-analysis of studies related to classroom organisation proposed a classification for interventions: teachers' behaviourfocused, teacher-student relationship-focused, students' behaviour-focused, and students' socialemotional development-focused interventions (Korpershoek, Harms, de Boer, van Kuijk, and Doolaard 2016) . Future research on teacher-student relationship-focused interventions is needed, particularly since Korpershoek et al. (2016) revealed only two (of 54) intervention studies in that category.
Practical Implications
The theoretically grounded and integrated framework developed in the current study has practical implications for teachers' mathematics instruction and professional development. First, the Wheel was developed in response to calls for a more integrative approach to theory and useinspired research on motivation and engagement (Liem and Martin 2012) . The associated quantitative assessment tool -the Motivation and Engagement Scale (Martin 2008 ) -has helped researchers and practitioners better understand student motivation and engagement. Specifically, the Wheel and scale are effective methods for teacher use when assessing their students' levels of motivation and engagement. We recommend that once teachers assess their students' levels of motivation and engagement-or use the Wheel to guide students' self-assessment-they move to assessing their own practice with results from the CLASS™.
Taken together, mathematics teachers can apply our framework as one way to better understand or improve the interactions in their own classrooms. Assessing practice with the CLASS™ in relation to students' motivation and engagement levels may help a teacher to identify the importance of classroom organisation strategies, particularly since our results found a connection between higher than average levels of student motivation and engagement and mathematics teachers intentional use of classroom organisation strategies. While a significant amount of a teacher's personal and job-related resources can be spent on designing a multitude of interactive learning activities, we recommend mathematics teachers ensure they are addressing low or declining motivation and engagement through effective classroom organisation strategies.
In addition to the CLASS™, researchers and professional development providers may also find the Teacher Intentionality of Practice Scale (TIPS; Marshall, Smart, and Alston 2016) useful as it also addresses the importance of teacher-student interactions within a safe, respectful, and wellorganised learning environment.
Conclusion
Much of the effect of teachers and classrooms on student learning relies on interactions (Hamre et al., 2013) . Teacher-student relationships have positive and significant associations with academic measures, including motivation, engagement, and performance (Martin, Marsh, McInerney, and Green 2009) . Through our examination of six teachers of mathematics who had students with high levels of motivation and engagement, we harnessed two key theoretical approaches to academic development and instruction in order to analyse broad strategies used by teachers. Future applications of our integrative framework to the study of students' motivation and engagement can enhance our understanding of the levels of teacher support deemed most effective in mathematics. In conclusion, the joint operation of a multidimensional theoretical framework and qualitative data can help identify ways teachers can prioritise the interpersonal environment of a mathematics classroom, and in so doing, begin to address the decline in students' mathematical performance during those transitional middle years of schooling. 
Fig 2 An overarching framework of teacher-student interactions in mathematics
The four key themes of the Wheel (positive and negative motivation and engagement) and the three key teacher-level supports of CLASS (emotional support, instructional support, and classroom organisation) together provide an integrative and theory-driven perspective on the influence of teacher-student interactions in Mathematics.
Fig 3 An illustration of qualitative results using the integrated framework of teacher-student interactions in mathematics
This figure presents a visual summary of our study that resulted from integrating our Wheelbased findings and our CLASS-based findings.
